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RATIONAL QUADRATIC X;-SPLINE INTERPOLATION

MRIDULA CHATURVEDI
Kendriya Vidyalaya Durg (C.G.zhhattisgarh, India

ABSTRACT

Parallel to the concept of X-splines, establishgdClenshaw and Negus [1] for cubic or quadratiinep. We
have developed in the present paper, the concegattiohal X-splines. Further we have obtained a unique ratiorid-
point interpolatory X-spline of the type quadratic/quadratic. The cogeace properties of the sequence of such rational

splines have also been investigated.
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1. INTRODUCTION

Cubic X-splines were introduced by Clenshaw andude[1] as a generalization of conventional culpiinss.
The definition of cubicX-spline allowe the second derivative of the intéapbto possess discontinuities at the internal
knots. Introducing one free parameter at eachriatédnot, the magnitudes of discontinuities of seeond derivative are
related in a simple manner to the magnitudes dafodisnuities of the third derivative at the intdrikaots. It has been
shown in [1] that the free parameters involved he tefinition of X-splines may be chosen so as to impart desired

geometric shape or analytic properties to the jatiating curve,

In the present paper, we have established a sitdtzhnique for the case of rational polynomialirggd by

defining rationalX;-splines, r =1, 2...

A variety of rational splines have been studied3sggory and Delbourgo [3], [4], and [5], Delbour@, Ismail
[6] and others (see [8] and [9] also). Rationalrgs have proved to be very useful and sometimasaidable tools for
approximation of meromorphic functions or functiomkich are they rational functions. Further, it te®n experienced
(see [2] — [6] ) that the rational splines are @dfint shape preserving spline-interpolants for aaabanic and/or convex

function.

Generally higher order smoothness is not achienezhse of rational lower order splines. The ratlospline-

interpolants studied earlier (c.f. [3], [4], or [Fire in class &a, b] or in C[a, b].

In view of this we have introduced in the pregeaper the concept of rationglsplines, r = 1, 2....which provide
either case of computation or greater degree efdfven to control the shape of the interpolating euivhe rationalX-
splines in particular give the'®r C-splines studied earlier. We defiesplines in Section 2. In Section3, we develop a
continuousX;-rational spline with quadratic numerator and ga#éidrdenominator. Convergence properties of claski®

type of rational X-splines are studied in Section 4. Section 5 castadme remarks.
2. DEFINITIONS

Let P={a = ¥<X;<X,...<X, = b} be a partition of a given interval [a, b].
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We denote subinterval,[x x] by I;, for i=1,..., n-land ] stands for subinterval

[Xn-uX]. Let %-X.1=h;, 1 =1 ... n. Let s(.) be a piecewise rational polynal of the type (p,q) defined over [a,b] so
that its restriction ;§) in |; is a rational function j)/Qi(x), where Pi(x) is a polynomial of degreeapd Q(x) is a

polynomial of degree q infor each i.
Leta;, = {“e }f;ll be an (n-1)-tuple of real numbers. Piecewise matipolynomial of s (.) is rational»$plines

with parameter vectgy, if it satisfies following conditions:

s(.)€ C"Ya, b] so that

S0 = $206), S'06) = $1a(), -5t () =L (@)

i=1..n1 2.1)
And
{7 {r {r+i (r+d
S;.;i (x:j -S; ::I(x:'j: ai { SE"_|.1 ::I(xi:)-s; }(x:j }
i=1,..,n1 (2.2)

Therefore a piecewise rational function s(.) mtionalX;-spline with parameter vecta if following conditions

hold true:
S(.) € C%a, b] so that §;) — S.1(x) i = 1,...,n-1 (2.3)
And
S'isa(X) — Si(x) = a; { Sieq(x)-5,(x )} i=1,..n1 2.4)
The parametegy;, i = 1, 2,..., n-1 introduced as above may be chagmropriately to suit our demand of our

interpolation problem. We note thatgdf = 0, i = 1, 2,..., n-1, we get rational splines iass C1[a, b]. Thus, rational;X

splines are a natural generalization of conventioatéonal splines. In fact the significance ofioatl X-splines lies in the

fact that we can impart desired twist in the shafpe interpolating curve by appropriate choicehaf parameter vectgt
In the present paper we investigate the existeho@dpoint-interpolatory rational X1-splines ofetliype (2, 2).
3. INTERPOLATION BY RATIONAL X1-SPLINE

Consider a piecewise rational polynomial s(.) stidt in each sub interval li restriction si(.) ®fis a rational

function with a quadratic polynomial as its numeraand a quadratic polynomial as denominator. Fdrxx<xi, we

may consider the following convenient representatio s(x):
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_(X=X.)s + (% = XS+ (X = X)(X=X%,4)C
B h + (5 = X)(X=X%_,)

)

i=1, 2,..., n (3.1
Where si represents value of s (.) at xi and arltrary constant. We observe that

si (xi)=si+1 (xi) = si(say), i=1, 2, ...,n-1

and hence s(@ CO [a, b]

Suppose that the piecewise rational polynomiglsstisfies the interpolatory condition :

S(%1/2) = f(Xii12)= fiae (saAy) 8.
Where Xi.1/2 = (X.1+Xi)/2.

Then we easily find that

fiiio= (25+25.:+hic)/(4+h)

Thus ci=[(4+h)fi.1/2-2(s+s.1)] / hy (3.3)
Since s(.) is a rational X1-spline, it view of cdah (2.4), we have

[-Siv1-s(B+h. 1) +(4+ Ni)fiva/2l/hia

— [s(hi+3)+s.1-(4+h)fi12]/h;

:2@{. [{si+1(2+ hip)+s(2+4h.q,+ h2i+1)

— (4+ R (A+ Nuy) fiod W%
—{si(2+4h+h%)+s.1(2+h) - (4+h)(1+h) fi.1,2} h?]
Further a simple manipulation leads to the follayvin

$+1 {14_ 20’, (2+ hi+1)}

1+1 1+1

2 2
+S[(3;hm) N (3;hi) PCALL P YO P (2+4:i2+ h )}

i+l i i+1 i

+ 3 ]1 g (2FN)
h T

=4+ hi)%{l—Za’i (1-;h‘)}+ (4; LEY fi+l,2{1+ 2a, M} (3.4)
i i+1

It is easy to see that the coefficient of si-1asifive provided

i i+1
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hi
") @2

Further we note that when (3.5) holds true folheaathe coefficient of;ds also positive.

Now we consider the excess of the coefficient afv@r the sum of those of si-1 and si+1. It is éasgonclude

that this excess is

2+h,, +2a,(3+h,) 2+h -20,3+h)

hi +1 + hi - 5 i (Say) (36)
Which is clearly positive provided
hi ai > (hi+ hi+1+ hi i+1)
22+h) 3(hi.,, = hy) i=1,2,....n 3.7)

Therefore, the coefficient matrix of the systemeqtiation (3.4) is diagonally dominant and hencievsrtible,
provided (3.7) holds true. Clearly the system dfia@pns (3.4) then admits a unique solution. Weehidnus proved the

following:
Theorem 3.1:
Let f be a 1-periodic function defined on
[a, b] and let P={a=x0<x1<x2<...<xn=b} be a partitiof

n-1
i=

[a, b]. Supposea _{ai} lisa parameter vector with entries as non-negatisenumbers. Then there exists

a unigue rational (quadratic/quadratic) interpatatd1-spline satisfying the interpolatory conditi¢®.4) provided (3.7)
holds.

4. ERROR — ESTIMATES

In this Section we aim to obtain the error-estesdbr the rational quadratic X1-splines estabtisi,eTheorem

3,1. We suppose that the function f is a smootlughoWe denote by e(.) the error function s(.X3-f
Thus substituting ei+fi for si in (3.4) we get

o e €21

1+1 hi +1

2 2
ve| Btha) , BFh) o0 @44, +hy)  (@+40 +h7)
hi+1 h h ? h'2

1 i+1 i

L8[y, @+H)
h_ "h
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=(@4+h,) Fivaro 1+2a @+h,,) +(4+hi)fi‘1’2 1- 2 L+h)
h h h o

i+1 i+1

_h 1+2al (2+h|+1)
hi+1 hi+1

2 2
_ .I:i (3+hi+1) + (3+h|) +2ai (2+4hi+1+hi+1 )_zai (2+4h| +hi )
h. h h.,’ h?

h h

_ h{l— 2a, w} = R (say)

A simple manipulation shows that

o i _ (3+h+1)
Ri = h { i+1/2 |+1} { i-1/2 fi—l} h {f|+l/2 i

i+1 +1

(2 h| +1)

i+1

L @+h)
h

{ f, —fi}+20 {fiono — it

2+4h, +h,° 2+
Za,i ( T{—lz I‘}+:I. ) { fi+1/2 _ fi}+ ZOi ( hzh)
+1 i

20, 24N +h)
+ h { fi = fi—l/z}_

{ fi—l - fi—1/2}

Therefore using the techniques of Sharma and Mgiwe find that
lejl < max|Ri/ j

Jilel<|R

Wherelej| = max |ei| anéi is given by (3.6)

1<i<n

Therefore

lo < (4+h) h) _(1+H)
N 2+h) o h

Whereh: max hi,b: min hi.
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Hence we have proved the following:
Theorem 4.1
If f is a 1—periodic function defined on

[0, 1] whose values at the mid points of meshrirmtks of partition P are given and if s is the waqational X1

interpolatory spline of Theorem 3.1 then

lleil|S K & (f, h/2)

= @rh {1+ 2, —(1+H)}
(2+h) h

Where
and ||.|| represents the row-max norm of vectors.
5 REMARKS

5.1: Theorem 3.1 establishes the unique existence @fpwint interpolatory rational quadratic X1-splinehile
Theorem 4.1 provides the error-estimates for tiienal quadratic spline of Theorem 3.1. Theorem estiablishes that

rational quadratic X1-spline of Theorem 3.1 is ad)@pproximant to a 1-periodic functioh! €0 [0, 1]. The rate of

convergence of s to fis good and error approazbesat a fast rate Jl - 0.

5.2:If we choose parametera/si =0, i=1, 2, ..., n-1, we get in Theorem 3.1, thiéoreal splines studied in [3].

Hence rational X1-splines are a generalizatioroof/entional rational splines.

5.3:We can get desired twist in the interpolating curyesuitable choice of parameter vedor
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